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Abstract
We consider a natural form of unified theory of gravity and electromagnetism which
was somehow missed at the time of intense search for such an unification, and was noticed
only in 1978 but remained quite unknown. The basic idea of this unification is to use the
metric and non-symmetric connection as independent variables, which generalizes the so-
called Palatini formalism. The certain components of connection in the appearing theory
can be naturally identified with electromagnetic potential, and with the proper choice of
action the Einstein-Maxwell equations are reproducing. In this paper we compare such an
approach with the known ideas of unification. Also we propose the more consistent way
of including matter (in the form of classical particles) in the theory and briefly discuss
the perspectives of further development of this approach.
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1 Introduction
A distinctive feature of the gravity description in the framework of general relativity is a variety
of its formulations, mostly geometric ones. Among the geometric formulations there are not
only purely metric ones (as in the original General Relativity (GR)), but also others, which
possess the existence of additional geometric structures that are not reducible to the metric.
In many cases for the introduction of such structures one need to extend the formalism or even
the physical essence of GR, e. g., for the introduction of an orthogonal frame [1] or an isometric
embedding [2, 3].
However, there is a geometrical object which is a priori not reducible to metric: a connection
on the considered manifold. In the original Einsteinian formulation the connection is present,
but it is postulatively expressed through metric. One can thus raise a natural question: if one
rejects the initial consistency of connection with metric, what the resulting theory would be
like?
It is now well known that if the metric and connection are assumed to be independent
variables, then in the assumption of the zero torsion the variation of the Einstein-Hilbert
action with respect to metric leads to usual Einstein equations, and with respect to connection
— the expression for connection in the form of Christoffel symbols which are symmetric. The
resulting theory is equivalent to GR. In the literature it is usually called the Palatini formalism
(or Hilbert-Palatini formalism), although such a naming is not quite correct. In the paper
by Palatini [4] the variational principle for Einstein-Hilbert (EH) action was considered; but
connection was not treated as an independent variable (a detailed historical survey of this
question can be found in [5]). For the first time it seems to have been done by Einstein [6]
in the attempt of unified field theory (UFT) construction. Note that his approach was more
general than Palatini one: he assumed the metric is non-symmetric as well as the connection;
and identified the antisymmetric part of the metric with the electromagnetic (EM) field tensor.
In the present paper we want to discuss a variant of gravity and electromagnetism unifi-
cation which was somehow missed by Einstein and which seems far more natural. It appears
when one assumes the independency of metric and connection, considering metric as symmetric
and connection as non-symmetric, i. e. all 64 components of connection is considered to be
independent. Then it turns out to be possible to identify some components of the connection
with the EM potential. During the XX century researchers closely approached this idea more
than once (we give a short historical review of the corresponding publications in the section 5),
but for the first time it was fully embodied only in 1978 in the paper [7]. Moreover, the pa-
per [7] remains practically unknown to the scientific community because of poor availability of
the journal in which it was published. The main addition of our work to the previously known
results is the natural method of coupling the connection with matter (in the form of a set of
relativistic point particles), after which the theory takes the form of usual Einstein-Maxwell
theory with matter.
In the section 2 we derive the field equations for the metric and connection using the
variational principle for the standard EH action. This derivation is given here for ease of
reading: although this interesting result was repeatedly obtained earlier by many authors, it is
still not well known. In the section 3 we consider a problem of including the matter (in the form
of relativistic particles) in the variational principle. As we will show below, it is possible to
organize non-minimal (i. e. not reducible to the usual covariantization of derivatives) coupling
of matter with connection that does not broke the general covariance. The field equations of
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the resulting theory are examined in the section 4. The analysis shows that they reproduce
Einstein-Maxwell equations.
The simplicity and naturalness of the constructed theory raise a question: why it had not
been discovered by any of researchers who work in the field of the UFT: Einstein, Weyl, Eddind-
ton etc.? The section 5 is devoted to the review of early theories of geometrized electrodynamics
and some recent works which are related to the theory discussed here. In the last section 6 we
briefly discuss the problems and perspectives of generalization of this theory.
2 The affine-metric formulation of pure gravity
Let us consider the affine-metric theory of gravity, assuming that the metric and connection
are independent. The metric, as usual, is supposed to be symmetric, whereas connection is
not (i. e. the torsion is nonzero). In the present paper we choose the (+,−,−,−) signature of
spacetime. As an action of pure gravity (without matter) we choose the usual EH one
S1 = − 1
2κ
∫
d4x
√−g gνβ Rµνµβ , (1)
where the Riemann-Christoffel curvature tensor is expressed only through independent connec-
tion Γαµν :
Rµναβ = ∂αΓ
µ
βν − ∂βΓµαν + ΓµαγΓγβν − ΓµβγΓγαν . (2)
In (1) gνβ is a metric, g is its determinant and κ is an Einstein gravitational constant. To fix
the order of the indices of connection (which is not symmetric), we define an action of covariant
derivative on an arbitrary vector as follows:
Dµu
α = ∂µu
α + Γαµνu
ν , (3)
i. e. the first index of connection is the one that is related to the derivative. Note that while
the connection remains independent, the Ricci tensor
Rνβ = R
µ
νµβ (4)
is not symmetric.
One can notice that the action (1) possesses not only diffeomorphic invariance, but also an
additional invariance with respect to the so-called “projective transformations” [8] (it is worth
noting that such transformations were considered earlier by Einstein in [9])
Γ′
α
µν = Γ
α
µν + fµδ
α
ν (5)
with the arbitrary function fµ, i. e. some gauge transformations. Indeed, as one can see from
(2), such a transformation adds an explicitly antisymmetric expression to the Ricci tensor
R′νβ = Rνβ + ∂νfβ − ∂βfν (6)
(this result was obtained in [9]) which in (1) is contracted with symmetric metric and thus
does not give a contribution. The action is a quadratic function of connection, therefore its
symmetry with respect to transformations (5) leads to the fact that quadratic form which is
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contained in it is degenerate and has rank 60 while its dimension is 64 (64 is the number of
independent components of connection Γαµν). Such a degeneracy of the action means that one
can not find all the components of connection from the equation which is obtained from the
action by varying it with respect to connection (note that in Palatini formalism with symmetric
connection it is possible). A part of connection components must remain arbitrary. Let us prove
it by a direct calculation.
Let us find the variation of the action (1) with respect to the connection. Using (2) one can
easily find that
δS1 = − 1
2κ
∫
d4x
√−g gνβ (DµδΓµβν −DβδΓµµν + SγµβδΓµγν) , (7)
where a notation for the torsion was used:
Sαµν = Γ
α
µν − Γανµ. (8)
Let us introduce the quantity which determines the difference between the connection and its
Riemannian part:
Cµ
α
ν = Γ
α
µν − Γ¯αµν , (9)
where Γ¯αµν is a symmetric Riemannian connection expressed through metric (Christoffel sym-
bols):
Γ¯αµν =
1
2
gαβ(∂µgνβ + ∂νgµβ − ∂βgµν). (10)
A so-called non-metricity can be easily expressed through Cµ
α
ν
Dµg
νβ = Cµ
νβ + Cµ
βν , (11)
as well as the torsion
Sαµν = Cµ
α
ν − Cναµ. (12)
Note that using (9) one can (up to a boundary term) write a relation
∫
d4x
√−g Dµuµ =
∫
d4x
√−g (D¯µuµ + Cµµνuν) =
∫
d4x
√−g Cµµνuν, (13)
for the arbitrary vector uµ, where D¯µ is a Riemannian covariant derivative which contains only
the Riemannian connection(10). Using this relation in the integration by parts as well as the
formulas (11) and (12) one can perform a simple calculation and, dropping the boundary term,
rewrite the variation (7) in the following form:
δS1 =
1
2κ
∫
d4x
√−g
((
Cµ
νβ + Cνβµ − Cγγµgνβ
)
δΓµβν − CµνµδΓββν
)
. (14)
The corresponding field equation is easy to obtain from it:
Cµνβ + Cνβµ − Cγγµgνβ − Cαναgβµ = 0. (15)
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Contracting the indices in multiple ways, one can easily notice that one way leads to the identity,
whereas two others — to the relations between different contractions of Cµνβ :
Cγµ
γ = Cγ
γ
µ =
1
4
Cµγ
γ. (16)
However, the value of this contractions is not determined by (15), and remains arbitrary, as we
mentioned above. Let us introduce the notation for it: Cγµ
γ ≡ ωAµ, where Aµ is an arbitrary
vector field and ω is a constant which will be fixed later. Other components of Cµνβ can be
uniquely expressed through this quantity. To prove it, one need to consider a linear combination
of three copies of (15), which differ by cyclic permutation of indices. As a result, one obtains
Cµ
ν
β = ωAµδ
ν
β , (17)
and the final expression for the connection can be found using (9):
Γαµν = Γ¯
α
µν + ωAµδ
α
ν . (18)
As can be seen, field equation corresponding to variation of the action (1) with respect to
connection leads to the fact that the connection coincides with the Christoffel symbols (10) up to
the gauge transformation (5). Therefore some of components of connection Γαµν corresponding
to vector Aµ can not been expressed through metric, remaining arbitrary. For the connection
(18) both the torsion and non-metricity are expressed through this vector:
Sαµν = ω
(
Aµδ
α
ν − Aνδαµ
)
, Dµg
νβ = 2ωAµg
νβ. (19)
Spacetime with such non-metricity is called the Weyl-Cartan spacetime, and vector −2ωAµ is
called the Weyl vector [10]. Note that for the connection of the form (18), i. e. on-shell, Aµ is
simply connected with the traces of torsion an non-metricity tensors:
Aµ =
1
3ω
Sγµγ =
1
2ω
Dγg
γµ, (20)
whereas in the curvature tensor (2) is is contained as follows:
Rµναβ = R¯
µ
ναβ + ωδ
µ
ν (∂αAβ − ∂βAα) , (21)
where R¯µναβ is a Riemannian expression for the curvature tensor which is constructed from
(10).
Now let us find the variation of (1) with respect to metric. This task turns out to be
quite simple since the action depends on the metric itself but not on its derivatives. After the
variation we obtain
Rµν +Rνµ −Rgµν = 0, (22)
where R = gαβRαβ is a scalar curvature. The full system of field equations for the action (1) is
a set of equations (22) and (18). If (18) is satisfied, then it is easy to obtain from (21) that
Rµν = R¯µν + ω (∂µAν − ∂νAµ) , (23)
where R¯µν is a Riemannian expression for the curvature tensor which is constructed from the
Riemannian connection Γ¯αµν ; therefore R¯µν is symmetric and contains only metric. Making
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use of this fact, one can rewrite the equation (22) in the usual form of the vacuum Einstein
equations:
G¯µν = 0, (24)
where the Riemannian Einstein tensor G¯µν is expressed through metric in a usual manner.
Thus for affine-metric formulation of pure gravity we see the satisfaction of vacuum Einstein
equations for the metric, whereas the connection turns out to have its Riemannian value up to
the gauge transformation (5) which leaves some degrees of freedom (DoF) of connection to be
arbitrary. Such a theory can be treated [8] as equivalent to pure Einstein gravity if the vector
field Aµ is considered as a pure gauge DoF.
3 Interaction with relativistic particles
Let us add the matter to the theory in the form of a set of relativistic point particles. First of
all, let us add to the full action a standard term for relativistic particles with worldlines xµj (τ)
(index j counts particles, τ parametrizes points of its worldlines) in a gravitational field defined
by metric gµν :
S2 = −
∑
j
mj
∫
dτ
√
x˙µj (τ)x˙
ν
j (τ)gµν(xj(τ)). (25)
Here mj is a mass of corresponding particle and a˙ ≡ da/dτ .
If we restrict ourselves to a sum of (1) and (25) in the action, then the forced acting
on particles are equivalent to those in GR, and degrees of freedom corresponding to Aµ (see
(18)) remain purely gauge. However, one can raise a question: what else local contributions
containing gravitational and matter degrees of freedom one can add to the action assuming
their invariance with respect to diffeomorphisms xµ → x′µ(x) as well as the reparametrizations
of worldlines τ → τ ′(τ)? It turns out that there is several possibilities to construct such
contributions; one of them is the following:
S3 = −
∑
j
qj
4ω
∫
dτ x˙βj (τ)Γ
µ
βµ(xj(τ)), (26)
where qj are some arbitrary constants and the multiplier 1/(4ω) is written for the convenience
of subsequent discussion. It is worth noting that in the case of Riemannian connection such a
contribution is reduced to the addition of a full derivative with respect to τ to the Lagrangian
due to the known feature of Riemannian connection:
Γ¯νµν = ∂µ ln
√−g. (27)
The choice of matter coupling with connection in the form (26) leads to the most interest-
ing results. The invariance of (26) with respect to reparametrizations τ → τ ′(τ) is obvious,
whereas its diffeomorphic invariance is present only up to a certain boundary terms and requires
additional discussion.
Note that under the diffeomorphisms xµ → x′µ(x) the contracted connection transforms as
Γ′µβµ =
∂xν
∂x′β
(
Γµνµ − ∂ν ln det
∣∣∣∣∂x
′
∂x
∣∣∣∣
)
, (28)
so the quantity (26) takes an increment
∆S3 =
∑
j
qj
4ω
∫
dτ x˙βj (τ)∂β ln det
∣∣∣∣∂x
′
∂x
∣∣∣∣ =
∑
j
qj
4ω
∫
dτ
d
dτ
ln det
∣∣∣∣∂x
′
∂x
∣∣∣∣ . (29)
Such an increment in the form of the integral over full derivative does not affect the field
equations of the theory. Its appearing after diffeomorphic transformations thus does not lead
to breaking of general covariance of the field equations, as we explicitly show below. Strictly
speaking, the contribution (26) to the action is not fully diffeomorphic invariant. It is invariant
only with respect to a narrower group of coordinate transformations which are restricted by a
condition
det
∣∣∣∣∂x
′
∂x
∣∣∣∣ −→
x0→±∞
1. (30)
It is worth noting that if the term (26) is added to the full action, it is no longer invariant
with respect to (5). The invariance with respect to narrower group of gauge transformations
(Einstein called them “λ-transformations” [11]) remains:
Γ′
α
µν = Γ
α
µν + (∂µλ)δ
α
ν . (31)
The expression (26) is strictly invariant with respect to (31) (boundary terms do not appear)
only in the additional assumption λ −→
x0→±∞
0 analogous to (30) which again does not affect
the invariance of the field equations. One can notice that simultaneous coordinate change and
transformation (31) does not lead to the appearing of boundary terms if the condition
ln det
∣∣∣∣∂x
′
∂x
∣∣∣∣+ 4λ −→
x0→±∞
0. (32)
is satisfied. The Ricci tensor turns out to be invariant with respect to (31) (but not to (5)),
see (6).
The theory corresponding to the choice of S1 + S2 + S3 as a final form of action turns out
to be self-inconsistent. Indeed, since the increment (26) which was added to the original action
(1) partially broke the gauge invariance with respect to (31), three of four degrees of freedom
of Aµ (see (18)), which initially were gauge ones, become physical ones. However, they did not
become dynamical ones since S1 and S2 do not depend on them and S3 depends only linearly.
Varying with respect to them leads to the equations
x˙βj (τ) = 0, (33)
which are self-inconsistent because correct parametrization of the worldline means that this
quantity cannot vanish. One can solve this problem by choosing the more complicated expres-
sion than EH term (1) for the action of gravity, so abovementioned degrees of freedom may
become dynamical ones. In choosing such an expression one should keep in mind the following
fact.
First of all, we note that in the framework of GR, when the only independent variable is
metric, whereas connection is uniquely expressed through it as Christoffel symbols (10), the
EH action is the only generally covariant action which is not lead to the higher derivatives
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in the field equations. However, for the theory considered here, in which the connection is
independent, it is possible to construct some other invariants which possess such a property.
To construct them one can use the curvature tensor (2) as well as the torsion tensor (8). In
contrast with the case of Riemannian geometry corresponding to GR, when only one nontrivial
contraction of curvature tensor exists (the one that leads to the Ricci tensor (4)), in the case
of independent connection there is one more nontrivial contraction:
Rµµαβ = ∂αΓ
µ
βµ − ∂βΓµαµ. (34)
This antisymmetric tensor was introduced early in the Eddington theory (see below in the
section 5). According to Cartan’s terminology it is called a segmentary curvature or a homothety
curvature, see [12]. Let us choose a new term in addition to EH one (1) as an action of gravity
in the form of quadratic expression with respect to contraction (34):
S4 = −θ
∫
d4x
√−g gαγgβδRµµαβRννγδ, (35)
where θ is an arbitrary constant.
The resulting form of the action for the considered theory is the following:
S = (S1 + S4) + S2 + S3 = −
∫
d4x
√−g
(
1
2κ
gνβRµνµβ + θg
αγgβδRµµαβR
ν
νγδ
)
−
−
∑
j
∫
dτ
(
mj
√
x˙µj (τ)x˙
ν
j (τ)gµν(xj(τ)) +
qj
4ω
x˙βj (τ)Γ
µ
βµ(xj(τ))
)
. (36)
It is invariant with respect to diffeomorphisms as well as to gauge transformations (31) restricted
by the condition (32). To obtain the full set of field equations one need to vary this action
with respect to all independent variables describing gravity (gµν(x) and Γ
α
µν(x)) as well as the
particles (xµj (τ)).
4 The field equations
Firstly let us find the variation of the action (36) with respect to the connection Γαµν(x). Such
a variation of the S1 was already calculated in (14), whereas the term S2 does not give a
contribution. For S4, assuming (34), we have
δS4 = 4θ
∫
d4x
√−g (D¯αRνναβ) δΓµβµ, (37)
where D¯α is a Riemannian covariant derivative with the connection (10). For the remaining
term S3 we obtain
δS3 = −
∑
j
qj
4ω
∫
dτ x˙µj δΓ
µ
βµ(xj) = −
1
4ω
∫
d4x
√−g jβδΓµβµ, (38)
where we have introduced the quantity
jµ =
∑
j
qj
∫
dτ x˙µj δ(x− xj)
1√−g (39)
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which is no other than four-current of relativistic particles if one interprets qj as their electric
charges.
As a result we obtain a field equation which replaces (15):
1
2κ
(
Cµνβ + Cνβµ − Cγγµgνβ − Cαναgβµ
)
+
(
4θD¯αR
γ
γ
αβ − 1
4ω
jβ
)
gµν = 0. (40)
Multiplying it on gµν , one easily notices that it leads to the satisfaction of (15) (and therefore
(18)) and
4θD¯αR
γ
γ
αβ − 1
4ω
jβ = 0. (41)
Substituting (18) in (34) and making use of (27), it is easy to notice that
Rγγαβ = 4ω (∂αAβ − ∂βAα) . (42)
As a result one can rewrite (41) in the following form:
D¯αF
αβ = 4pijβ, (43)
where
Fαβ = ∂αAβ − ∂βAα, (44)
and the arbitrary constant ω which was introduced above (16) had now been fixed:
ω =
1
16
√
piθ
. (45)
So the varying of action (36) with respect to the connection leads to the expression for the
connection (18) as well as the equation (43) which reproduces Maxwell equation in curved
spacetime if one identifies the part Aµ of connection DoFs with the EM potential. Note that
under gauge transformations (31), which do not change the full action (36), the quantity Aµ
transforms as follows (according to (18)):
A′µ = Aµ +
1
ω
∂µλ, (46)
as EM potential should transform.
Now let us vary the action (36) with respect to the particles coordinates xµj (τ), so contri-
butions will be given only by S2 and S3 contributions. They have the well-known form of the
action of relativistic particles and action of its interaction with the EM potential of the form
Γµβµ/(4ω) (if qj are charges). So one can immediately write the known equations of motion
appearing after the variation with respect to xµj (τ):
mju
ν
j D¯νujα = qjFανu
ν
j , (47)
where we noticed that making use of (18), (27) and (44) leads to the equality
∂α
(
1
4ω
Γµνµ
)
− ∂ν
(
1
4ω
Γµαµ
)
= ∂αAν − ∂νAα = Fαν . (48)
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In the equation (47) we have introduced a normalized 4-velocity vector of the relativistic particle
uαj =
x˙αj√
x˙µj x˙
ν
j gµν(xj)
. (49)
The resulting expression (47) obviously reproduces the equations of motion of relativistic par-
ticle in the gravitational field with metric gµν and EM field defined by the certain part of the
connection treated as EM potential Aµ.
Let us finally vary the action (36) with respect to metric gµν . Contributions will be given
by S1, S2 and S4. The contribution of S1 was calculated in the section 2 (see the left-hand side
of (24)). Merging it with contribution of S4 (which can be easily calculated), we obtain
δ(S1 + S4) =
∫
d4x
√−g
(
1
2κ
G¯αβ + 2θRµµ
αγRνν
β
γ − θ
2
gαβRµµ
γδRννγδ
)
δgαβ. (50)
The contribution of S2
δS2 = −
∑
j
mj
2
∫
dτ
√
x˙µj x˙
ν
j gµν(xj)u
αuβδgαβ(xj) = −1
2
∫
d4x
√−g T αβp δgαβ (51)
is determined by the energy-momentum tensor of the relativistic particles
T αβp =
∑
j
mj
∫
dτ
√
x˙µj x˙
ν
j gµν(xj)δ(x− xj)
1√−gu
αuβ. (52)
As a result we obtain the field equations in the following form:
G¯αβ = κ
(
T αβp − 4θ
(
Rµµ
αγRνν
β
γ − 1
4
gαβRµµ
γδRννγδ
))
. (53)
Using the corollary (42) of the other field equations, the denotation (44) and choosing of
constant ω (45), one easily notices that this equation is the Einstein one:
G¯αβ = κ
(
T αβp + T
αβ
EM
)
, (54)
where
T αβEM = −
1
4pi
(
F αγF βγ − 1
4
gαβF γδFγδ
)
(55)
reproduces the expression for the energy-momentum tensor of EM field with potential Aµ.
Therefore the full set of field equations corresponding to the action (36) turns out to be the
set of the equations (43),(47), and (54) together with the expression for the connection (18).
These equations reproduce the Einstein-Maxwell equations if one identifies Aµ in (18) with the
EM potential.
Such a natural unification of gravitation and electromagnetism appears if we restrict our-
selves to the consideration of the matter in the form of classical relativistic point particles. It
is quite simple to generalize this consideration on the case of continuous media, whereas the
generalization on the important case of matter fields (i. e. spinor or even scalar electrodynam-
ics) is a very non-trivial problem. We will discuss it in the concluding section 6. Now let us
shortly review the ideas of classical UFTs related to the one that we described above.
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5 Historical notes
The present section is devoted to the short discussion of the known UFTs in comparison with
the approach described above. We do not consider extra dimensions because such theories are
too much different from the above one. The main characteristics of the above theory which can
be different in other theories are:
• the symmetricity of metric,
• the non-symmetricity of connection (the presence of torsion),
• the initial independence of metric and connection.
The literature concerning unified field theories is quite wide. We do not pretend to give a full
comprehensive review here. Such reviews can be found, e. g. in the monographs [12], [13] as
well as in the reviews [14, 15].
The most famous of the early attempts of the unification of gravity with electromagnetism
is assumed to be Weyl theory which was firstly proposed in 1918 in [16] (see also [17]). The
main idea of the Weyl approach is an introduction of an additional gauge invariance to the
theory, namely the scaling invariance of metric (which is symmetric)
g′µν(x) = e
2λ(x)gµν(x). (56)
These transformations are often called conformal, which is not quite correct, since they (in
contrast with conformal ones) are not a part of diffeomorphisms group and were postulated by
Weyl besides of it. It is more convenient to call them Weyl transformations. The adjusting
of the parallel transport rule with this new symmetry leads to the appearance of additional
degrees of freedom Aµ in the connection, which in Weyl theory takes the form
Γαµν = Γ¯
α
µν +
1
2
(
Aµδ
α
ν + Aνδ
α
µ − Aβgβαgµν
)
, (57)
(cf. (18)), where Γ¯αµν is, as above, the Riemannian connection (10). Note that in Weyl theory
as well as in GR the connection is symmetric, in contrast with the above theory. Under the
gauge transformation (56) additional DoFs are transformed as follows:
A′β = Aβ − ∂β lnλ, (58)
which allowed Weyl to interpret this quantity as an EM potential. The curvature tensor in
Weyl theory, as well as in the above approach, splits into two terms:
Rµναβ = R¯
µ
ναβ +
1
2
δµν (∂αAβ − ∂βAα) , (59)
cf. (21).
However, the gauge invariance with respect to (56) postulated by Weyl entailed two unde-
sirable consequences. Firstly, the square of interval which was observable in GR, is no longer
observable: “only the ratios of the metric components have direct physical meaning”, and not
these quantities themselves [12]. As a result, some additional ad hoc methods of length mea-
surements are required, see [12]. Secondly, the condition of Weyl-invariance of the action of the
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theory does not allow to use EH action (1) in it since EH action is not invariant with respect
to (56). Instead, one has to use squared curvature tensor which leads to the poor agreement
with the observables.
Another attempt to unify gravity with electromagnetism was made by Eddington [18] in
1921. If we consider the Weyl approach as less “strict” than GR one, since Weyl did not require
the length conservation under a parallel transport while keeping the conservation of angles, than
the Eddington approach is much less strict: he did not require the angles conservation as well,
assuming that the connection is not related to metric at all. In this sense his approach is
close to above one, but there is one essential difference: Eddington assumed the connection to
be symmetric (as in the Weyl theory and GR), so in this sense his approach coincides with
the Palatini one. In Eddington theory antisymmetric part of the Ricci tensor (cf. (23)) and
segmentary curvature (34) do appear; due to the symmetricity of the connection they are related
by the condition
Rαβ − Rβα = Rµµαβ = ∂αΓµβµ − ∂βΓµαµ. (60)
Note that from (23) and (42) one can see that in the above approach a similar but not quite
equivalent condition is satisfied: antisymmetric part of the Ricci tensor is doubled.
The trace of the connection in the Eddington theory is identified with the EM potential (as
in the section 4, see below (45)), so the antisymmetric part of the Ricci tensor turns out to be
the EM field tensor. The symmetric part of Ricci tensor, according to Eddington, is related to
the metric by the condition (which is postulated without any variational principle)
Rαβ +Rβα = Λgαβ, (61)
where Λ is a certain universal constant. The condition (61) is called by Eddington “natural
world gauge”. The first and foremost significant drawback of the Eddington theory is the fact
that field equations (including Einstein ones) are not derived from a variational principle, but
instead are postulated using “the ‘principle of identification’ of the elements of the geometrical
structure developed by him with fundamental physical quantities”, see [12].
It seems that the non-symmetric connection was firstly introduced by Schouten and Fried-
man in 1923-24 [19, 20]. They suggest to consider half-symmetric connection, which antisym-
metric part has the form
Γαµν − Γανµ = Aµδαν − Aνδαµ , (62)
whereas the Lagrangian of the theory is chosen to be the square root of Ricci tensor determinant
(the simplest scalar density which can be constructed only from connection). A similar idea
was used much later in 1982 in [21] when the authors wrote the action of unified theory of
gravitation and electromagnetism. However, they used only the symmetric part of the Ricci
tensor and the whole action was far more complicated. Note that in this paper the role of the
EM potential was played by the same components of the connection that in the above theory:
the field equations entailed the satisfaction of the relation (18) for the connection.
Needless to say, the man who most wanted to find the unified field theory was Einstein. One
of the directions of his quest was quite close to the above approach. The difference between
them is the Einstein’s assumption of non-symmetricity of metric1. Einstein had been working
1According to Goenner [14], this idea was suggested to him by R. Fo¨rster, who thus repelled Einstein from
the one of the most natural formulations of the unified theory.
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on such a generalization of GR since 1917 (see [14]); he wrote the first paper [6] on this topic in
1925, whereas the last one [11] was written by him in 1955 shortly before his death and turned
out to be his last paper ever.
In the approach developed by Einstein the action was chosen to be EH one (1) in which
the metric and the connection are independent. Initially they are completely arbitrary, so
the Einstein approach differs from the one that was described in section 2 only by the non-
symmetricity of metric. As it was mentioned in the Introduction, Einstein in fact proposed the
method which (for symmetric metric and connection) later became known as Palatini formalism.
It was shown in [6] that among the appearing field equations a part of vacuum (i. e. without
current) Maxwell equations is present if one identifies the antisymmetric part of the metric
with the EM field tensor2. The remaining equations are initially analyzed in the absence of
EM field, and the manual elimination of torsion is performed to reproduce GR. For the general
case Einstein performed an approximate analysis of the appearing equations, but he failed
to construct a satisfactory UFT. The attempts of developing of theories with non-symmetric
metrics had been made lately, e. g. in [22] where it was noticed that in such a framework it is
possible to identify the trace of the torsion with the EM potential (as in the section 2, see (20)),
and the action contained the interaction of this quantity with the current density.
Although Einstein paid a special attention to gradient transformations (31) which he called
“λ-transformations” [11], he did not connect them to gradient transformations of the EM
potential (this occurred quite naturally in the above approach, see (46)). In the Einstein theory
the action turns out to be invariant with respect to (31) due to invariance of curvature tensor,
but not with respect to more general transformations (5) since the metric is not symmetric and,
according to (6), its contraction with Ricci tensor remains dependent on the transformation
parameter fµ. If the metric is symmetric, then EH action is invariant with respect to (5) as well,
which is discussed in the section 2. The restriction of symmetry to (5) in the above approach
happens only after the addition of the term (26) in the action, which couples the connection to
the matter.
Einstein was close to above approach once again: in the several papers, first of which
was the paper [23] written in 1923. In these papers he considered a certain implicit action
constructed from symmetric and antisymmetric part of the Ricci tensor. It corresponds to the
action of gravity S1 + S4 that was used in the section 3, in which the part S1 is constructed
from symmetric part of the Ricci tensor (in these papers Einstein assumed that both the
metric and the connection is symmetric), while the part S4 can be treated as constructed from
antisymmetric one due to its coincidence (60) with the segmentary curvature in the theory
with symmetric connection. However, the condition of connection symmetricity made this
UFT (which was eventually abandoned by Einstein) drastically different from the above one.
The approach proposed by Einstein in [23] was generalized on the case of non-symmetric
connection by young French mathematician Henri Eyraud in 1925 [24]. Following Einstein,
he assumed that the action somehow depends on symmetric and antisymmetric part of Ricci
tensor, but in the presence of torsion the condition (60) is no longer holding, so he failed to
obtain the explicit form of the action (S1 + S4) as well as Einstein himself. However, Eyraud
obtained an expression for the non-symmetric connection in the form of (18), while a part of
its degrees of freedom Aµ, which (considering (27)) is the same that the trace of the connection
2Note that in the papers [9, 11] such an identification was no longer discussed, while suggested modification
of GR is treated as “an attempt to construct a theory of the total field by generalizing the equations of the
purely gravitational field” rather than unification of gravity and electromagnetism.
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Γαµα up to the gradient transformation and a constant multiplier, was interpreted as the EM
potential. The same expressions and interpretations were used in the paper by Straneo in 1931,
although the expression (18) was postulatively introduced there rather than derived from any
variational principle.
Proceeding from the analyzed publications, we conclude that, strangely enough, the ap-
proach described in the section 2-4 had not been discovered in the first half of XX century, at
the time of the most intense search for UFT.
First paper in which the variant of such an approach was formulated is the 1978 paper [7].
However, it was published only in Russian in an obscure journal and thus has not been cited
in the similar works. In [7] the authors start from EH action with symmetric metric and
independent non-symmetric connection. Then they discover that the trace of the torsion (in
fact it is the same that the part of the DoFs of connection corresponding to Aµ in (18),
see (20)) remains arbitrary on-shell. Then they propose to supplement the action by the
squared segmentary curvature S4 (35) and discover the coincidence of resulting expressions
with the Einstein-Maxwell ones if the trace of the torsion is identified with EM potential. In
particular, they discover the possibility of interpretation of “λ-transformations” (which are the
symmetry transformations of the resulting theory) as gauge transformations of EM potential.
Then the authors obtain the equations of motion of test particles (47), although they derive it
from the ad hoc condition (“physical trajectories in the space-time” must have a least length
among those along which the length of vector by parallel transport is conserved) rather than
from the action, as it was done in section 4. The particles is considered precisely as test ones,
so backreaction (the appearing of the corresponding contributions in equations of motion (43)
and (54)) is not discussed.
Almost simultaneously with the paper [7] (also in 1978) the Palatini formulation with non-
symmetric connection was studied in the paper [10]. However, the authors of [10] did not make
an attempt to use obtained result in the construction of UFT. Instead of it they studied the
relation of the appearing theory (squared segmentary curvature was not added to the action)
to the usual description of gravity in the framework of Riemannian geometry. This studies
have been continued in the recent papers [25, 26] which indicates a continuing interest to the
idea of using non-symmetric connection. The possibility of addition of squared segmentary
curvature to obtain a kind of Einstein-Maxwell theory that proposed in [7] was rediscovered
independently in the paper [27]. In the framework of the resulting theory the authors also
considered a spherically symmetric solution corresponding to Reissner-Nordstro¨m one.
This concludes our historical survey of the papers devoted to UFT which are related to the
approach described in the sections 2-4.
6 Conclusion
In the present paper we described a possible way of unification of gravity and electromagnetism,
which had been somehow missed at the time of the most intensive search for such an unification
in the first half of XX century. The idea of such way was proposed only in 1978 in the paper [7].
It must be noted that in this framework the matter interacting with EM field can be defined
only in purely classical sense: as a set of point particles. The generalization on the case of
ideal fluid (i. e. continuous medium consisting on classical particles) is quite simple. For the
description of such a matter one can choose a current Jµ(x) as an independent variable, which
is a vector density and satisfies the continuity equation ∂µJ
µ = 0. Various forms of the action
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of the ideal fluid based on this choice are examined in [28]. The part of the action S3 describing
the interaction of the ideal fluid with the connection Γµβα can be written by analogy with (26)
in the following form:
S3 = − q
4ω
∫
d4x JβΓµβµ, (63)
while the current jµ appearing in the equations of motion (43) takes the form
jµ =
q√−gJ
µ (64)
instead of (39). In such a simple case all the matter has fixed (equal to q) charge-to-mass ratio,
although one could introduce multiple types of matter with different values of such a ratio.
However, from the modern point of view the purely classical description of matter is ob-
viously unsatisfactory as in the quantum theory the EM field interacts with complex (usually
spinorial) matter fields rather than particles or continuous media. The EM potential Aµ turns
out to be Abelian gauge field corresponding to local group of inner symmetry U(1), and takes
part in the definition of covariant derivative corresponding to that symmetry:
∇µψ = (∂µ + iAµ)ψ, (65)
i. e. it multiplies on the imaginary unit. The lack of imaginary unit at the Aµ in the expression
for the connection (18) (assuming that the connection is real) means that Aµ should be treated
as a gauge field corresponding not to local phase transformations U(1)
ψ′(x) = e−iλ(x)ψ(x), (66)
but rather to local scale transformations of tensorial matter fields3
ψ′µ(x) = e−λ(x)ψµ(x), (67)
which are analogous to the scale transformations of the Weyl theory mentioned in the section
5 (see (56)). A “charge” of matter field in this case equals to difference between the number of
its upper and lower indices (and is thus quantized on the classical level).
Therefore the interpretation of Aµ which presents in the real-valued expression (18) as
an EM potential in the field theory is possible if one somehow provides the appearance of
imaginary unit at it. The efforts of researchers working on such an approach were mainly
concentrated on the complexification of the connection to provide its interaction to the matter
fields (see [29], [30] and the references therein). The consideration was usually performed in
terms of frame bundles. It must be stressed that if the matter does not described in terms of
fields, there is nowhere from which the global and certainly local U(1) symmetry can arise since
in the Lagrangian of classical electrodynamics with matter in the form of point particles there
is no variables that can be affected by such transformations.
The question whether it is possible to obtain a satisfactory UFT in the framework of the
above approach in the field-theoretic description of matter remains open. Nevertheless, the
3 Note that it is not the presence of complexity itself in (65) (which can be avoided by choosing SO(2) as a
real form of U(1)) is essential, but rather the fact that the quantity which “elongates” the usual derivative is
not reduced to simple scaling of matter fields as it occurs for scale transformations (67).
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classical electrodynamics of charged particles appears in such a framework exceptionally simple,
even simpler than in the most famous UFT, namely the Kaluza-Klein one [31]. In the Kaluza-
Klein theory one needs to make a physical proposition about the existence of fifth dimension
to obtain “electromagnetic” degrees of freedom, whereas the above approach naturally appears
when one eliminates the postulate of the absence of torsion in the GR. This fact allows to put
this approach on a par with the most famous classical UFTs and, in our opinion, assigns the
sufficient historical and methodical value to it.
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